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Angle Chasing

1 Introduction

One of the most crucial skills that is necessary to master in order to be a good geometer is the skill of angle chasing.
In this meeting, I will go over the skills that are generally lumped under the “angle chasing” category before giving
an example as to what angle chasing is.

The majority of this meeting will consist of problem solving, as many of the skills you probably already know.

2 What exactly is angle chasing?

Angle chasing usually consists of any of the following techniques:

vertical angles sum of angles in a triangle
congruent triangles similar triangles
supplementary angles complementary angles
parallel lines and angles perpendicular lines
angle bisectors angles intercepting arcs

However, the above techniques are not necessarily all-inclusive when it comes to angle chasing. An example of
this can be shown in the problem below.

Example 1 (MAΘ 1987). In the figure, O is the center of the circle, ∠EAD = 40◦, and ÊD = 40◦. Find ∠DAB.
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Solution. Note that from secant-secant stuff we get that ∠EAD = 1
2 (ĈF − ÊD). Since ∠EAD and ÊD are both

40◦, we can substitute to get 40◦ = 1
2 (ĈF − 40◦) =⇒ ĈF = 120◦. Next, note that since ĈD is a diameter, we get

that D̂F = 180◦ − ĈF = 60◦, so ∠DCB = 30◦.

Finally, since BE ⊥ AC and AF ⊥ BC, D is the orthocenter of 4ABC. This means that CD ⊥ AB, so

∠DAB = 90◦ − ∠B = ∠DCB = 30◦ .

(Don’t worry, most of the problems in the problem section do not require knowledge of the orthocenter!) �

3 Tips

• Know your fundamentals! One can only become a successful angle chaser iff he or she has a mastery of
the basics of geometry. Know and understand all of the above concepts to a very basic level, and learn to
recognize when certain tools will become handy.

• Be prepared for anything! Often times in a geometry problem the most elegant solution is one that is
really difficult to see. Thus, be open to many possible techniques, even ones that do not seem applicable to
the problem at first sight.
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4 Problems

1. In 4ABC, AB = AC and ∠A = 40◦. The bisector from ∠B intersects AC at point D. What is ∠BDC?

2. [AHSME 1970] In the adjoining figure, ABCD is a square, ABE is an
equilateral triangle and point E is outside square ABCD. What is the
measure of ∠AED?
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E

3. [MATHCOUNTS 1986] ABC is an isosceles triangle such that AC = BC. CBD is an isosceles triangle such
that CB = DB. BD meets AC at a right angle. If ∠A = 57◦, what is ∠D?

4. [MATHCOUNTS 2011] A square is located in the interior of a regular
hexagon, and certain vertices are labeled as shown. What is the degree
measure of ∠ABC?

A

B
C

D

5. Let 4ABC be a right triangle with a right angle at C. Let D and E be the feet of the angle bisectors from
A and B to BC and CA respectively. Suppose that AD and BE intersect at point F . Find ∠AFB.

6. [AHSME 1990] An acute isosceles triangle, ABC is inscribed in a circle. Through B and C, tangents to the
circle are drawn, meeting at point D. If ∠ABC = ∠ACB = 2∠D, find the measure of ∠A.

7. [Math League HS 2013-2014/2009-2010/1994-1995] In a certain quadrilateral, the three shortest sides are
congruent, and both diagonals are as long as the longest side. What is the degree measure of the largest angle
of this quadrilateral?

8. [AMC 10B 2009] The keystone arch is an ancient architectural feature. It is composed of congruent isosceles
trapezoids fitted together along the non-parallel sides, as shown. The bottom sides of the two end trapezoids
are horizontal. In an arch made with 9 trapezoids, let x be the angle measure in degrees of the larger interior
angle of the trapezoid. What is x?

9. [AHSME 1960] In this diagram AB and AC are the equal sides of an isosceles
triangle ABC, in which is inscribed equilateral triangle DEF . Designate
angle BFD by a, angle ADE by b, and angle FEC by c. Then:

(A) b =
a + c

2
(B) b =

a− c

2
(C) a =

b− c

2

(D) a =
b + c

2
(E) none of these

b c

a
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10. [MAΘ 1992] In regular polygon ABCDE · · · , we have ∠ACD = 120◦. How many sides does the polygon
have?

11. For a given triangle 4ABC, let H denote its orthocenter and O its circumcenter.

(a) Prove that ∠HAB = ∠OAC.1

(b) Prove that ∠HAO = |∠B − ∠C|.
1As a result of this equality condition, lines AH and AO are said to be isogonal conjugates, i.e. reflections across the A-angle bisector.
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12. [BMO1 1995] Triangle ABC has a right angle at C. The internal bisectors of angles BAC and ABC meet
BC and CA at P and Q respectively. The points M and N are the feet of the perpendiculars from P and Q
to AB. Find angle MCN .

F 13. [ELMO SL 2013, Owen Goff] Let ABC be a triangle with incenter I. Let U , V and W be the intersections
of the angle bisectors of angles A, B, and C with the incircle, so that V lies between B and I, and similarly
with U and W . Let X, Y , and Z be the points of tangency of the incircle of triangle ABC with BC, AC,
and AB, respectively. Let triangle UVW be the David Yang triangle of ABC and let XY Z be the Scott Wu
triangle of ABC. Prove that the David Yang and Scott Wu triangles of a triangle are congruent if and only
if ABC is equilateral.

F 14. [IMO 1990] Chords AB and CD of a circle intersect at a point E inside the circle. Let M be an interior point

of the segment EB. The tangent line at E to the circle through D, E, and M intersects the lines
←→
BC and←→

AC at F and G, respectively. If AM/AB = t, find EG/EF in terms of t.

(Note: You may want to explore the next problem a bit before attempting this one.)

F 15. An exploration of cyclic quadrilaterals.

(a) Let ABCD be a quadrilateral inscribed inside a circle. Prove that:

i. ∠ABC + ∠ADC = 180◦.

ii. ∠ABD = ∠ACD.

(b) Assume that the converse is true, i.e. if any one of the two properties above holds, then the quadrilateral
is cyclic. This is a very useful tool, as it allows you to switch back and forth between the two angle
properties/equalities. Using this knowledge, prove the following statements:

i. Let ABC be a right triangle with the right angle at B. Let D be any point on AB, and let E be
the foot of the perpendicular from D to AC. Prove that ∠DBE = ∠DCE.

ii. [Canada 1986] A chord ST of constant length slides around a semicircle with diameter AB. M is
the midpoint of ST and P is the foot of the perpendicular from S to AB. Prove that angle SPM
is constant for all positions of ST .

iii. [Sharygin 2009] Given triangle ABC. Points M , N are the projections of B and C to the bisectors
of angles C and B respectively. Prove that line MN intersects sides AC and AB in their points of
contact with the incircle of ABC.
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5 Answer Key/Solution Sketches

1. 75◦

2. 15◦

3. 78◦

4. 75◦

5. 135◦

6. (180/7)◦

7. 108◦

8. 100◦

9. (D)

10. 9 sides

11. (a) It is enough to prove that both of these angles are equal in value to 90◦ − ∠B.

(b) WLOG let ∠B > ∠C. Then by part (a) we have

∠HAO = ∠A− 2(90◦ − ∠B) = ∠A + 2∠B − 180◦ = ∠B − ∠C.

12. 45◦. For the nice solution to this problem, drop a perpendicular from C to the hypotenuse AB; certain
congruent angles show up with then kill the problem.

13. The if case (where ABC equilateral) is easy, the only-if case is harder. As two triangles have the same
circumradius (since all six points U, V,W,X, Y, Z are concyclic), the problem is reduced to the case where the
two triangles are similar. Next, note that

∠UWV =
1

2
∠UIV =

1

2
(180◦ − ∠ZAI − ∠ZBI)

and that
∠XZY = ∠XIC = 90◦ − ∠ICX.

If the two angles ∠UWV and ∠XZY are congruent, then we must have

1
2 (180◦ − ∠ZAI − ∠ZBI) = 90◦ − ∠ICX

2∠ICX = ∠ZAI + ∠ZBI

2∠C = ∠A + ∠B = 180◦ − ∠C
∠C = 60◦.

Applying this cyclically, we see that 4ABC is equilateral and we’re done.

14. t/(1 − t). Here’s a sketch: draw in line segments AD and DB. Through some angle chasing we get that
4GEC ∼ 4DMB and 4EFC ∼ 4MDA. These similarities give EG

EC = MD
MB and EC

EF = MA
MD . Multiplying

these together gives EG
EF = MA

MB , and through some algebra we can get that MA
MB = t

1−t .


